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Abstract: The Batchelor model of the supercotangent bundle of a given base supermanifold is studied. Under
the assumption that the supercotangent bundle splits, two different fibrations over the given base can be
globally defined. The total spaces of these fibrations are in turn quotient supermanifolds of the supercotangent
bundle, and each of them is equipped with a supersymplectic structure. Their corresponding supersymplectic
2-forms are actually exact, and Z2-homogeneous of different degrees. The Z2-homogeneous 1-forms from
which they come from are natural with respect to Batchelor trivializations. Each of these 1-forms can be pulled
back to the supercotangent bundle via the quotient maps, and can be added together in the supercotangent
bundle to produce a nonhomogeneous 1-form there. Such a 1-form in the supercotangent bundle is canonical;
it is characterized by the fact that the pullback of it under any 1-form on the base supermanifold yields the
same 1-form on the base. The exterior derivative of this canonical 1-form is degenerate. Its radical produces
an example of an involutive subsheaf, which is not integrable. This phenomenon is explained at the light of
Frobenius Theorem for supermanifolds. The radicals of its homogeneous components, on the other hand, taken
separately, do produce two globally defined foliations on the supercotangent bundle, and the corresponding
spaces of leaves are precisely the two quotients of the supercotangent bundle we started with.
Keywords: Connection on a vector bundle, graded manifolds, supertangent and supercotangent bundles, su-
persymplectic structures on graded manifolds.
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1. Introduction and description of results
The general framework of this paper is that ofZ2-graded manifolds as defined in [13, 18, 20].
We refer the reader to [2, 7, 27, 28] for alternative generalizations and further examples. Fol-
lowing [20] a Z2-graded manifold is a pair (M,A), where M is a smooth, finite-dimensional
manifold, and A is a sheaf of Z2-graded algebras over M locally isomorphic to the sheaf of sec-
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tions of the exterior algebra bundle3E → M of a vector bundle E → M—called the Batchelor
bundle—canonically attached to A. More specifically, there is always defined a sheaf morphism
A → 0(3E) which restricts to an isomorphism of the corresponding Z2-graded algebras of
local sections over a suitable neighborhood of each point. When A is globally isomorphic
to 0(3E)—i.e., when A → 0(3E) can be inverted—the supermanifold is called split (or
“Batchelor-trivial”). Split supermanifolds exhaust all the examples of smooth supermanifolds
(see [3, 9, 15, 20]). In the holomorphic category, this is far from being the case (see [10, 29]).
This does not mean, however, that the category of smooth supermanifolds gets subsummed into
the category of smooth vector bundles: Supermanifold morphisms are a lot more general than
the induced vector bundle morphisms at the level of the Batchelor trivializations involved. In
fact, the class of split graded manifolds is interesting, and wide enough so as to deserve special
consideration.
A fundamental relationship between splittings and connections has been given by Koszul
in [15]: A supermanifold is split if and only if it admits a Z2-graded connection. When such
a connection exists, it induces a connection on E → M . Since, connections always exist on
smooth vector bundles, but may not exist in the holomorphic category (see [1], and [22]), the
Koszul approach sheds new light into the earlier results on non-split holomorphic supermanifolds
given in [10] and [29]. For the purposes of our work, the relevant corollary of [15] is that if a
connection fails to exist on either T M or E , the supertangent and the supercotangent bundles
of a split supermanifold do not split (this was also pointed out by M. Rothstein in a beautiful
paper [30] where the general theory for even symplectic structures on split supermanifolds was
studied, and canonical forms for such structures were given).
A vector bundle over (M,A) is a locally free sheaf F of A-modules over M with a given
Z2-grading, i.e., F = F0 ⊕ F1. Given such an F, a geometrical and functorial construction of
a Z2-graded manifold (VF(M),VF(A)) equipped with a Z2-graded submersion (see [24, 32]
and Section 2 below),
pi :
(
VF(M),VF(A)
)→ (M,A), (1)
can be performed in such a way that the abstract sections of F correspond in a one-to-one fashion
with the geometric sections of the submersion pi :
{β | β ∈ F(M) } ←→ {β: (M,A)→ (VF(M),VF(A)) | pi ◦ β = id }. (2)
It was one of the main issues of the early supermanifold theory to prove (or to guarantee by
means of suitable axioms), that F = Der A, and F∗ = HomA(Der A,A) were actually locally
free sheaves of A-modules. In particular, the construction of (1) above can be applied to them,
and respectively the tangent and cotangent Z2-graded manifolds associated to (M,A) can be
obtained. They shall be hereby denoted by ST (M,A), and ST ∗(M,A), respectively, and we
are specifically interested in the case when A = 0(3E).
When a connection ∇ exists on the Batchelor bundle E → M , it can be used to establish an
isomorphism between the derivation sheaf Der0(3E) and F = 0(3E ⊗ (T M ⊕ E∗)) which
directly exhibits its 0(3E)-module structure (cf. [21, 30]). Similarly, a connection on E → M
makes Hom0(3E)(Der0(3E), 0(3E)) isomorphic to F∗ = 0(3E ⊗ (T ∗M ⊕ E)). If further-
more a connection∇′ exists on T M , the supermanifolds ST (M, 0(3E)) and ST ∗(M, 0(3E))
are split themselves, and the functorial construction referred to above is particularly simple
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to describe globally. In particular, the supercotangent bundle ST ∗(M, 0(3E)) is the super-
manifold (T ∗M ⊕ E, 0(3(T M ⊕ E∗ ⊕ E))), and the fibration (1) becomes (see Section 3
below)
pi :
(
T ∗M ⊕ E, 0(3(T M ⊕ E∗ ⊕ E)))→ (M, 0(3E)), (3)
which is induced by the inclusion0(3E) ↪→ 0(3(T M⊕E∗⊕E)). (Note: the bundle projection
T ∗M ⊕ E → M is used to pull the sheaves of sections of the bundles E , T M , and E∗ back to
T ∗M ⊕ E . Nevertheless, we have written 0(3(E ⊕ T M ⊕ E∗)) instead of showing explicitly
the map to keep the notation simple. In what follows the bundles whose sections we refer to,
must be understood as pullbacks under the obvious submersion.)
The main objective of this work is to address the question of whether or not a canonical
1-form can be defined on a split supercotangent bundle ST ∗(M, 0(3E)) as in nongraded
differential geometry, and to see whether or not its exterior derivative can define a canonical
supersymplectic structure on it. It will be thus assumed throughout this work that the following
“splitting hypothesis” is satisfied: Connections exist on E and T M .
Now, a Z2-graded 1-form β in (M, 0(3E)) is, according to the basic definitions in [13], a
section of Hom0(3E)(Der0(3E), 0(3E)) which in turn gets uniquely identified with a Z2-
graded manifold morphism
β: (M, 0(3E))→ ST ∗(M, 0(3E)) (4)
such thatpi ◦β = id;pi being the supercotangent bundle projection (3). SinceZ2-graded 1-forms
can be pulled back under Z2-graded manifold morphisms, an equality like β∗2 = β makes
sense for a given 1-form 2 in ST ∗(M, 0(3E)). In fact, by requiring it to hold true for any β
(regardless of whether it might be Z2-homogenous or not) one picks up the canonical 1-form
of the graded cotangent bundle ST ∗(M, 0(3E)) (cf. [32] and Section 4 below).
It turns out that2 is nonhomogeneous in theZ2-grading of Hom0(3E)(Der0(3E), 0(3E)),
i.e.,2 = 20+21, and2µ 6= 0 (µ = 0, 1). Whence, ω = − d2 = ω0+ω1 (with d as in [13])
is nonhomogeneous, too. The first difference observed with respect to nongraded differential
geometry is that the 2-form ω degenerates in the graded setting (cf. Proposition 5.1 below). We
then look at the distribution defined by its radical, Radω = {D | iDω = 0}, where D stands for
any graded derivation of the supercotangent bundle structure sheaf 0(3(T M ⊕ E∗ ⊕ E)). It is
immediate to verify that Radω is an involutive subsheaf of the locally free module of graded
derivations. But, even though Radω is finitely generated and locally free, its behavior as an
involutive distribution is rather pathological. The reason is that Radω is not generated by a set
of homogeneous derivations; in other words, it is not a direct subsheaf in the sense of [26]. At
this point the expert reader may take a look at Example 5.2 below where we explicitly exhibit the
pathology referred to above; plainly, there is no way to define a reasonable subsupermanifold
structure on what would be the leaves of the foliation generated by Radω. In fact, if such
a structure were possible, there would also be—locally, at least—a supermanifold structure
on the quotient modulo the foliation, but the fibers of any quotient projection always have a
homogeneously generated tangent sheaf structure (see [26]). Put in different words: Radω gives
an example of an involutive distribution which is not integrable.
One may look, however, at the homogeneous components ofω, and try to determine separately
whether or not Radω0, and Radω1 are homogeneously generated involutive distributions on
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the supercotangent bundle. The result is (cf. Section 6 below) that both are involutive direct
subsheaves; but more remarkably: Their corresponding foliations F(Radωµ) are regular in the
sense of [26]. That is, there are supermanifold structures which are globally defined on the space
of leaves of each distribution, equipped with graded submersions
qµ : ST ∗(M, 0(3E))→ ST ∗(M, 0(3E))/F(Radωµ), µ = 0, 1. (5)
Furthermore, each quotient ST ∗(M, 0(3E))/F(Radωµ), µ = 0, 1 has a globally defined
Z2-graded symplectic structure ωˆµ which is homogeneous of degree µ, and
qµ∗ωˆµ = ωµ = − d2µ, µ = 0, 1. (6)
More specifically, the quotients ST ∗(M, 0(3E))/F(Radωµ), are
q0:
(
T ∗M ⊕ E, 0(3(E ⊕ T M ⊕ E∗)))→ (T ∗M, 0(3(E ⊕ E∗))) (6a)
and
q1:
(
T ∗M ⊕ E, 0(3(E ⊕ T M ⊕ E∗)))→ (E, 0(3(E ⊕ T M))) (6b)
which are defined by the canonical inclusions 0(3(E ⊕ E∗)) ↪→ 0(3(E ⊕ T M ⊕ E∗)) and
0(3(E ⊕ T M)) ↪→ 0(3(E ⊕ T M ⊕ E∗)), respectively.
We furthermore find in Section 6 coordinate-free expressions for 2, ω and the symplectic
forms ωˆ0 on (T ∗M, 0(3(E ⊕ E∗))), and ωˆ1 on (E, 0(3(E ⊕ T M))), respectively: First of
all, using the fact (Lemma 3.3) that Der0(3(E ⊕ E∗)) is generated as a 0(3(E ⊕ E∗))-
module over T ∗M by the derivations ∇X (with X ∈ Der C∞(T ∗M)), iϕ (with ϕ ∈ 0(E)), and
iξ (with ξ ∈ 0(E∗)), the canonical 1-form 20 of (T ∗M, 0(3(E ⊕ E∗))) is defined as the
0(3(E ⊕ E∗))-linear extension of the mapping given on generators by
〈∇X + iϕ + iξ |20〉 = 〈X | θ0〉 + (ϕ | ξ) (7a)
where θ0 is the canonical 1-form on the cotangent bundle, (X, θ0) 7→ 〈X | θ0〉 is just the
evaluation of the 1-form θ0 on the tangent vector X , and (ϕ, ξ) 7→ (ϕ |ξ) stands for the duality
bilinear pairing of sections from E and E∗. Its Z2-graded exterior derivative d20 = −ω0 is
computed in Proposition 6.2.
Similarly, since Der0(3(E ⊕ T M)) is generated as a 0(3(E ⊕ T M))-module over the
manifold E by ∇X , ∇ξ , iη, and iϕ (with X ∈ Der C∞(M), ξ ∈ 0(E), η ∈ Ä1(M), and ϕ ∈
0(E∗)—see Lemma 3.3 below), the canonical 1-form21 of the graded manifold (E, 0(3(E⊕
T M))) is defined as the 0(3(E ⊕ T M))-linear extension of the mapping given on generators
by
〈∇X + ∇ξ + iη + iϕ |21〉 = 〈X | η〉 + (ϕ | ξ) (7b)
and its exterior derivative d21 = −ω1 is computed in Proposition 6.3.
2. Geometric supervector bundles
Let (M, 0(3E)) be a split graded manifold. We shall adhere ourselves to the following nota-
tion: Write E and3E instead of0(E) and0(3E), respectively, and write XM andÄ1M instead of
0(T M) and0(T ∗M), respectively. We recall in this section two basic results (Theorem 2.1, and
Proposition 2.2, resp.), and provide a sketch of their proofs for the sake of self-containedness.
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2.1. Theorem. Let (M,AM) be a supermanifold. There exists a functorial correspondence
between the isomorphism classes of locally free sheaves of A-modules over M , and the isomor-
phism classes of fibrations pi : (H,AH )→ (M,AM) over (M,AM) given in such a way that the
abstract sections of a given locally free sheaf of AM -modules correspond in a one-to-one fashion
with the geometric sections (M,AM) → (H,AH ) of its corresponding fibration (Z2-graded
vector bundle).
Sketch of proof. Basically, one must perform local constructions over a given open cover
{Ui } of M , in such a way that on the overlaps the sheaf maps involved satisfy the appropriate
compatibility conditions in terms of transition functions. One then invokes the sheaf axioms to
conclude the existence of the globally defined structures. We shall only indicate here how the
local construction works, and will leave the details to the reader; therefore, we may assume that
(M,3E) is a split graded manifold of dimension (m, n) and that F is a locally free sheaf of
3E-modules of rank (p, q) having the following structure:
F = (3E)⊗ (F0 ⊕ F1),
where F0 (resp., F1) is the sheaf of sections of some vector bundle F0 → M (resp., F1 → M),
of rank p (resp. q). In other words, the Z2-grading is such that the sections from F0 are even and
those from F1 are odd. Morphisms of the fibrations obtained are defined locally by the condition
of being3E-linear on sections in order to produce the desired correspondence on isomorphism
classes. But then, the central point is to prove the following (see [24, 32]):
2.2. Proposition. The total space F = F0⊕ F1 of the Whitney sum bundle admits the structure
of an (m+ p+q, n+ p+q)-dimensional graded manifold: Its structure sheaf AF is3p˜i∗(E⊕
F∗0 ⊕ F∗1), and the bundle projection p˜i : F0 ⊕ F1 → M is used to pull the bundle E ⊕ F∗0 ⊕ F∗1
back to F0 ⊕ F1. Moreover, there is a graded-manifold submersion
pi : (F0 ⊕ F1,AF)→ (M,3E)
uniquely defined by the following conditions:
(1) M can be covered by open subsets U such that there is a graded diffeomorphism (defined
through an isomorphism of 3E|U -modules)
ϕU :
(
p˜i−1(U ),AF |p˜i−1(U )
)→ (U,3E|U )× (V0 ⊕ V1,AV0⊕V1)
satisfying p2 ◦ϕU = pi , where p2 is the projection of the product onto the fixed graded manifold
(V0⊕V1,AV0⊕V1)whose underlying manifold is aZ2-graded vector space of dimension (p+q,
p + q).
(2) The abstract sections from F(U ) correspond in a one-to-one fashion with graded manifold
morphisms
σU : (U,3E|U )→ (V0 ⊕ V1,AV0⊕V1)
over a trivializing neighborhood U of the form described in (1).
Sketch of proof. Actually, one first establishes property (2) of the statement, and then proceeds
to (1). Now, (2) is in turn a consequence of the following fact (see [6, 26, 34] for its proof):
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(*) There is a universal object in the category of (say, real) supermanifolds, R1|1, such that
3E↔ Maps((M,3E),R1|1).
That is, the abstract sections from 3E correspond in a one-to-one fashion with actual super-
manifold morphisms. In fact, R1|1 = (R, 0(3T )), where T = R×R→ R is the rank 1 trivial
vector bundle.
Taking this result into account, the correspondence in (2) can be made evident by first thinking
of it algebraically: the sections from
F = 3E⊗ (F0 ⊕ F1) ' Hom
(
(F0 ⊕ F1)∗,3E
)
can be extended to maps of Z-graded algebras
Hom
(
3(F0 ⊕ F1)∗,3E
) ' 3(E⊕ F0 ⊕ F1).
Thus, if AF is to have property (2), then it must be the sheaf of sections of the vector bundle
3p˜i∗(E ⊕ F∗0 ⊕ F∗1 ) → F0 ⊕ F1. One then proves that this works analytically (with its Z2-
grading) as well. Finally, the graded manifold morphism pi is given by the composition 3E→
p˜i∗p˜i∗3E ↪→ p˜i∗ p˜i∗3(E⊕ F∗0 ⊕ F∗1) (cf. [36]). ¤
3. Supertangent and supercotangent bundles
For example, the structure of the graded tangent manifold associated to the locally free
sheaf Der3E, is completely determined by the fact that, locally F0 ' XM and F1 ' E∗. If a
connection exists, the statement becomes global:
3.1. Proposition. Let (M,3E) be a split supermanifold, and let∇ be a connection on E. Then,
Der3E = 3E⊗ (XM ⊕ E∗).
The proof of this proposition can be found in several references: cf. [13, 21, 24, 30]; it is
based on the proofs given in [8] and [12] for derivations on the space of differential forms. Now,
Proposition 3.1 implies that Hom(Der3E,3E) ' 3E⊗ (XM∗⊕E), and one may immediately
apply the construction indicated in the previous section to obtain the following:
3.2. Proposition. The Z2-graded fibrations corresponding to the rank (m, n) locally free
sheaves of3E-modules over M , Der3E, and Hom(Der3E,3E), are respectively given under
the bijection of Theorem 2.1 by
Der3E←→ pi : (T M ⊕ E∗,3p˜i∗(E⊕XM∗ ⊕ E))→ (M,3E),
and
Hom(Der3E,3E)←→ pi : (T ∗M ⊕ E,3p˜i∗(E⊕XM ⊕ E∗))→ (M,3E).
Moreover, (T ∗M⊕E,3p˜i∗(E⊕XM⊕E∗)) has two natural quotients induced by the inclusions
3(E⊕ E∗) ↪→ 3(E⊕XM ⊕ E∗), and 3(E⊕XM) ↪→ 3(E⊕XM ⊕ E∗):
q0:
(
T ∗M ⊕ E,3p˜i∗(E⊕XM ⊕ E∗)
)→ (T ∗M,3 p˜∗0(E⊕ E∗)),
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and
q1:
(
T ∗M ⊕ E,3p˜i∗(E⊕XM ⊕ E∗)
)→ (E,3 p˜∗1(E⊕XM)),
respectively, where p˜0: T ∗M → M and p˜1: E → M are the bundle projections induced from
p˜i : T ∗M ⊕ E → M. In particular, ( T ∗M,3 p˜∗0(E ⊕ E∗) ) is a (2m, 2n)-dimensional super-
manifold, while ( E,3 p˜∗1(E⊕XM) ) is (m + n,m + n)-dimensional.
Proof. The first statement is a direct consequence of (the proof of) Theorem 2.1 and Proposi-
tion 2.2. Thus, all that really needs to be elucidated are the quotient projections of the second
statement. These are better understood in terms of the appropriate diagrams. Indeed, let
0 −−→ E −−→ T ∗M ⊕ E q˜−−→ T ∗M −−→ 0
be the vector bundle sequence given by the Whitney sum of E and T ∗M . We also have the
commutative diagram
T ∗M ⊕ E T ∗M
M
q˜
p˜i p˜0
which can be used to pull back the bundle E ⊕ E∗ over M to produce the bundle p˜∗0(E ⊕ E∗)
over T ∗M , and the bundle q˜∗ p˜∗0(E ⊕ E∗) over T ∗M ⊕ E as indicated in the following diagram
q˜∗ p˜∗0(E ⊕ E∗) p˜∗0(E ⊕ E∗)
T ∗M ⊕ E T ∗M (E ⊕ E∗)
M
q˜
p˜i
p˜0
Note that there is a natural graded manifold epimorphism
q:
(
T ∗M ⊕ E, p˜i∗3(E⊕XM ⊕ E∗)
)→ (T ∗M, p˜∗03(E⊕ E∗))
if and only if there is a natural sheaf monomorphism,
p˜∗03(E⊕ E∗) ↪→ q˜∗p˜i∗3(E⊕XM ⊕ E∗).
But since p˜i = p˜0 ◦ q˜, we have, p˜i∗ = q˜∗ p˜∗0 . Thus, the natural map T→ q˜∗q˜∗T defined for any
sheaf T (cf. [36]), yields part of the natural map above as,
p˜∗03(E⊕ E∗)→ q˜∗q˜∗
(
p˜∗03(E⊕ E∗)
)
.
Since3(E⊕E∗) ↪→ 3(E⊕XM⊕E∗), the rest is clear. The proof for the other quotient structure
is completely analogous. ¤
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Note. We mention in passing that other quotients are possible. In particular, the following two
have been recently used in [38] with the aim of producing a (Z2 × Z× Z)-graded complex of
differential forms:(
T ∗M ⊕ E,3p˜i∗(E⊕XM ⊕ E∗)
)→ (T ∗M,3 p˜∗0(E⊕XM)),
and (
T ∗M ⊕ E,3p˜i∗(E⊕XM ⊕ E∗)
)→ (E,3 p˜∗1(E⊕ E∗)).
We shall not deal with these quotients here, however.
3.3. Lemma. Let (M,3E) be a split supermanifold. Let ∇′ be a connection on T M , and let
∇′′ be a connection on E. Denote by ∇ either, the direct sum connection ∇′ ⊕∇′′ on T ∗M ⊕ E ,
or the induced connection on E ⊕ T M ⊕ E∗. The derivation sheaf Der3(E⊕XM ⊕E∗) of the
supercotangent bundle (T ∗M ⊕ E,3(E⊕XM ⊕ E∗)) of (M,3E) may be decomposed as
Der3(E⊕XM ⊕ E∗) = 3(E⊕XM ⊕ E∗)⊗
(
XT ∗M⊕E ⊕ (E⊕XM ⊕ E∗)∗
)
.
Furthermore,
XT ∗M⊕E ' XM ⊕X∗M ⊕ E
as the sections of the vertical subbundles Vert(X∗M) = Ker(d p˜i0: T (T ∗M) → T M), and
Vert(E) = Ker(d p˜i1: T E → T M) are naturally identified to the sections of X∗M and E, respec-
tively.
Proof. All that has to be verified is the last statement, but that is well known. We shall, neverthe-
less, recall how the tangent sheaf XE of an arbitrary vector bundle E → M , with connection∇,
decomposes as the C∞(E)-module XM ⊕E. Our argument follows [39]. First note that a set of
local coordinates {qi } on some open subset U ⊂ M , and a local frame {ϕµ} of E∗|U , determines
a set of local coordinates on E ; namely {qi ◦ pi , ϕµ}, where pi : E → M is the bundle projec-
tion, and ϕµ ∈ E∗|U is thought of as a smooth map E |U → R. In particular, a local vector field
W ∈ XE is completely determined by W (qi ◦ pi), and W (ϕµ), as
W =
∑
i
W (qi ◦ pi) ∂
∂(qi ◦ pi) +
∑
µ
W (ϕµ)
∂
∂(ϕµ)
.
A global vector field W ∈ XE is then completely determined by specifying
W ( f ◦ pi) for any f ∈ C∞(M) and W (ϕ) for any ϕ ∈ 0(E∗).
In particular, W is vertical if and only if W ( f ◦pi) = 0 for any f ∈ C∞(M). Now, each section
σ ∈ E defines a vertical field—denoted by Wσ ∈ XE —upon specifying that
Wσ ( f ◦ pi) = 0, f ∈ C∞(M),
Wσ (ϕ) = (σ | ϕ) ◦ pi, ϕ ∈ E∗,
where (· | ·) : E × E∗ → C∞M denotes the duality bilinear pairing between E and E∗. If a
connection ∇ is given on E → M , then any vector field X ∈ XM from the base can be lifted
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to define a horizontal vector field Xh ∈ XE . Thus, the C∞(E)-module XE is generated by XM
and E. ¤
3.4. Notation. We shall introduce the following conventions in order to express the even and
odd generators of Der3(E⊕XM ⊕E∗) in a convenient manner. First of all, the even generators
(i.e., the elements from XT ∗M⊕E ' XM ⊕X∗M ⊕ E), will be written as follows:
∇X ↔ X ∈ XM , ∇θ ↔ θ ∈ X∗M , ∇σ¯ ↔ σ ∈ E,
where X really means the horizontal lift Xh of X to T ∗M ⊕ E via ∇. Similarly, θ (resp. σ¯ )
really means the vertical field Wθ in T ∗M (resp. E) defined by the section θ ∈ 0(T ∗M) = X∗M
(resp. σ ∈ 0(E) = E).
On the other hand, we know that the odd generators of Der p∗3(E ⊕ XM ⊕ E∗) (i.e., the
elements from (E⊕XM ⊕ E∗)∗), act algebraically by contraction (cf. [21, 30]); we thus write
them as
iϕ ↔ ϕ ∈ E∗, iθ¯ ↔ θ ∈ X∗M , iσ ↔ σ ∈ E.
Convention. The bar helps in distinguishing when is it that a given section θ from X∗M (resp.
σ from E) appears as an even generator, and when is it that it appears as an odd generator.
Remark. In order to compute with the generators just given, we simply have to take into account
the following two facts: First, for any A and B in {X, η¯, ξ}, and any ρ and τ in {ϕ, η, ξ¯},
[∇A,∇B] = ∇[A,B] − iR(A,B), [∇A, iρ] = i∇Aρ, [iρ, iτ ] = 0.
Second, for ∇ = ∇′ ⊕ ∇′′,
[∇′A,∇′′B] = 0.
4. The canonical one-form on the supercotangent bundle
The purpose of this section is to prove, and elucidate the nature of the following (see [32]):
4.1. Theorem. There exists a 1-form 2 on ST ∗(M, 0(3E)) which is uniquely characterized
by the property that, for any 1-form β ∈ Ä1(M, 0(3E))
β∗2 = β.
For the proof, use will be made of the well-known properties of Z2-graded differential forms
as given in [13]. In particular, we shall write (D1, . . . , Dk) 7→ 〈D1, . . . , Dk | β〉 for the value
of the Z2-graded k-form β on the k-tuple of Z2-graded derivations (D1, . . . , Dk), and we shall
denote by d:Äk(M,AM) → Äk+1(M,AM) the exterior derivative of Z2-graded differential
forms.
4.2. Coordinatization of the supercotangent bundle. Theorem 4.1 will be proved by means
of a local coordinate computation as in the nongraded case, and we shall then give a transition
function argument to show that the local characterization can be globalized. In Section 6,
however, we shall give an intrinsic (global) formula for 2.
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First, choose a local frame {∇Xi ; iϕµ} for Der3E defined by a local frame {Xi } on U ⊂ M ,
and a local frame {ϕµ} for the sections of E∗|U . Now consider the corresponding dual frames:
Say {θ i } for 1-forms on U (i.e., θ i ∈ Ä1(U ), with 〈X j | θ i 〉 = δi j ), and {σµ} for the sections
of E |U (with, (σµ | ϕν) = δµν). Let Yi be the vertical vector field on T ∗M |U defined by the
section θ i . That is
Yi ( f ◦ pi) = 0 ∀ f ∈ C∞M (U ),
Yi (iX ) = 〈X | θ i 〉 ◦ pi ∀ X ∈ XM(U ).
Similarly, let Zµ be the vertical vector field on E |U defined by the section σµ. That is,
Zµ( f ◦ pi) = 0 ∀ f ∈ C∞M (U ),
Zµ(ϕ) = (σµ | ϕ) ◦ pi ∀ ϕ ∈ E∗(U ).
The connection ∇ allows us to define the local even generators for Der3(E⊕XM ⊕E∗) as:
Even generators: ∇Xi , ∇Yi , ∇Zµ,
where now, Xi really means Xhi ; that is, the horizontal lift of X to the cotangent bundle T ∗M
via the connection ∇′.
The odd generators are defined by contraction against the elements of the chosen frames. We
thus have:
Odd generators: iϕµ, iθ i , iσµ.
Local coordinates are defined in such a way that
∇Xi x j = 〈∇Xi | dx j 〉 = δi j , iϕµξ ν= 〈iϕµ | dξν〉 = δµν,
∇Yi y j = 〈∇Yi | dy j 〉 = δi j , iθ i y¯ j = 〈iθ i | dy¯ j 〉 = δi j ,
∇Zµ ζ¯ ν = 〈∇Zµ | dζ¯ ν〉 = δµν, iσµζ ν= 〈iσµ | dζ ν〉 = δµν.
Thus, a 1-superform defined on the supercotangent bundle can be uniquely written in these
coordinates as
2 =
∑
i
dxi · Ai +
∑
i
dyi · Bi +
∑
µ
dζ¯ µ · Cµ
+
∑
µ
dξµ · Dµ +
∑
i
dy¯i · Ei +
∑
µ
dζµ · Fµ.
Now, let β ∈ Ä1(M,AM) = Hom(Der AM ,AM) be a 1-superform on (M,AM). Write it
locally as
β =
∑
i
dqi · βi +
∑
µ
dϕµ · βµ.
When this β ∈ Ä1(M,AM) is viewed as a morphism β: (M,AM)→ ST ∗(M,AM), its effect
on the given local coordinates of ST ∗(M,AM) is the following:
β∗xi = qi (xi = pi∗qi ), β∗ξµ = ϕµ (ξµ = pi∗ϕµ),
β∗yi = (βi )0, β∗ y¯i = (βi )1,
β∗ζ¯ µ = (βµ)0, β∗ζµ = (βµ)1,
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where βi = (βi )0+ (βi )1 in itsZ2-decomposition. Thus, one may directly compute the pullback
β∗2 =
∑
i
dβ∗xi · β∗Ai +
∑
i
dβ∗yi · β∗Bi +
∑
µ
dβ∗ζ¯ µ · β∗Cµ
+
∑
µ
dβ∗ξµ · β∗Dµ +
∑
i
dβ∗ y¯i · β∗Ei +
∑
µ
dβ∗ζµ · β∗Fµ
=
∑
i
dqi · β∗Ai +
∑
i
d(βi )0 · β∗Bi +
∑
µ
d(βµ)0 · β∗Cµ
+
∑
µ
dϕµ · β∗Dµ +
∑
i
d(βi )1 · β∗Ei +
∑
µ
d(βµ)1 · β∗Fµ.
We now need the following lemma, which is an immediate consequence of the fact (∗)mentioned
in the proof of Proposition 2.2 (see also [26, 34]):
4.3. Lemma. Let β: (M,AM) → (N ,AN ) be a supermanifold morphism. Suppose A ∈
AN (U ) is a local section, and also denote by A: (U,AN |U )→ R1|1 its corresponding morphism
into R1|1. Then the section β∗A ∈ AM(β˜−1(U )) corresponds to the morphism given by the
composition A ◦ β:
β∗A = A ◦ β : (β˜−1(U ),AM |β˜−1(U ))→ R1|1.
Proof. In fact, the morphism A ◦ β: (M,AM)→ R1|1 has the following effect on the standard
local coordinates (t, τ ) of R1|1 (t is a basis for the dual space of the vector space R, and τ is the
global section t 7→ (t, 1) of the trivial bundle R× R→ R):
(A ◦ β)∗t = β∗A∗t = β∗(A0) and (A ◦ β)∗τ = β∗A∗τ = β∗(A1)
where A = A0 + A1 is the decomposition of the section A from AN (U ). ¤
Taking Lemma 4.3 into account, the condition β∗2 = β yields,∑
i
dqi · βi +
∑
µ
dϕµ · βµ
=
∑
i
dqi · Ai ◦ β +
∑
i
d(βi )0 · Bi ◦ β +
∑
µ
d(βµ)0 · Cµ ◦ β
+
∑
µ
dϕµ · Dµ ◦ β +
∑
i
d(βi )1 · Ei ◦ β +
∑
µ
d(βµ)1 · Fµ ◦ β.
We now compute d(βi )ν and d(βµ)ν for ν = 0, and 1, according to (cf. [13])
d(βa)ν =
∑
j
dq j · ∂(βa)ν
∂q j
+
∑
λ
dϕλ · ∂(βa)ν
∂ϕλ
,
where a = i or µ. Therefore, β∗2 = β if and only if
βi = Ai ◦ β +
∑
j
∂(βj )0
∂qi
· Bj ◦ β +
∑
ν
∂(βν)0
∂qi
· Cν ◦ β
+
∑
j
∂(βj )1
∂qi
· Ej ◦ β +
∑
ν
∂(βν)1
∂qi
· Fν ◦ β
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and
βµ = Dµ ◦ β +
∑
j
∂(βj )0
∂ϕµ
· Bj ◦ β +
∑
ν
∂(βν)0
∂ϕµ
· Cν ◦ β
+
∑
j
∂(βj )1
∂ϕµ
· Ej ◦ β +
∑
ν
∂(βν)1
∂ϕµ
· Fν ◦ β.
Now, βi = (yi + y¯i ) ◦β and βµ = (ζ¯ µ+ ζµ) ◦β. Therefore, the condition β∗2 = β for any β,
implies
(yi + y¯i − Ai ) ◦ β =
∑
j
∂(βj )0
∂qi
· Bj ◦ β +
∑
ν
∂(βν)0
∂qi
· Cν ◦ β
+
∑
j
∂(βj )1
∂qi
· Ej ◦ β +
∑
ν
∂(βν)1
∂qi
· Fν ◦ β
and
(ζ¯ µ + ζµ − Dµ) ◦ β =
∑
j
∂(βj )0
∂ϕµ
· Bj ◦ β +
∑
ν
∂(βν)0
∂ϕµ
· Cν ◦ β
+
∑
j
∂(βj )1
∂ϕµ
· Ej ◦ β +
∑
ν
∂(βν)1
∂ϕµ
· Fν ◦ β,
for all possible values of the sections βj and βν . In particular, for those having all the βj ’s and
βν’s constant, in which case β∗(yi + y¯i − Ai ) = yi + y¯i − Ai = 0, and β∗(ζ¯ µ + ζµ − Dµ) =
ζ¯ µ + ζµ − Dµ = 0, for all i , and all µ. But then we still have
0 =
∑
j
∂(βj )0
∂qi
· Bj ◦ β +
∑
ν
∂(βν)0
∂qi
· Cν ◦ β
+
∑
j
∂(βj )1
∂qi
· Ej ◦ β +
∑
ν
∂(βν)1
∂qi
· Fν ◦ β
and
0 =
∑
j
∂(βj )0
∂ϕµ
· Bj ◦ β +
∑
ν
∂(βν)0
∂ϕµ
· Cν ◦ β
+
∑
j
∂(βj )1
∂ϕµ
· Ej ◦ β +
∑
ν
∂(βν)1
∂ϕµ
· Fν ◦ β
for all β. In particular, for those β’s having ∂(βa)λ/∂ϕµ = δaµ and all others equal to zero (resp.
∂(βa)λ/∂q j = δaj and all others equal to zero). Whence, Bj = Cν = Ej = Fν = 0 for all j
and ν, and therefore
2 =
∑
i
dxi · (yi + y¯i )+
∑
µ
dξµ · (ζ¯ µ + ζµ).
It is now a straightforward matter to see that this is actually globally defined (i.e., independently
of its local coordinate description): Indeed, the coefficients of this form are linear in the local
coordinates; whence, the corresponding jacobian matrices for the change of coordinates simply
replace the coordinates of one coordinate patch by the corresponding coordinates on the other.
We shall not bother much with the local computations in terms of transition functions, since in
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Section 6 below we shall give a global description of2 in terms of its homogeneous components.
At any rate, what remains to complete the proof of Theorem 4.1 can now be safely left to the
reader. ¤
5. An involutive distribution in the supercotangent bundle which is not integrable
This section illustrates the pathology exhibited by the Z2-graded exterior derivative d2 of
the canonical 1-form just obtained, in trying to define a symplectic graded manifold structure.
From the local expression of 2 one obtains
ω := −d2 =
∑
i
dxi · d(yi + y¯i )+
∑
µ
dξµ · d(ζ¯ µ + ζµ).
Note that ω is not Z2-homogeneous. This property is inherited from the fact that 2 is nonho-
mogeneous either. Also note that ω is a closed 2-form on ST ∗(M, 0(3E)) which degenerates:
5.1. Proposition. Let the setting, and the notation be as in 4.2 above. The space of sections,
Rad d2 = { D ∈ Der p∗3(E⊕XM ⊕ E∗) | iDω = 0 }
is closed under the Lie bracket of Z2-graded derivations, and it is locally spanned as a free
3(E⊕XM ⊕ E∗)-module, by
∂j := ∇Yj − iθ j =:
∂
∂yi
− ∂
∂ y¯i
and ∂ν := ∇Zν + iσν =:
∂
∂ζ ν
+ ∂
∂ζ¯ ν
.
Proof. The generators ∂j and ∂ν are obtained via a straightforward computation from the def-
initions and the local coordinate expressions. We leave the tedious but quite straightforward
details to the reader. ¤
Note. One observes that Rad d2 is not Z2-homogeneously generated (e.g., |∇Yj | = 0, while
|iθ j | = 1). In fact, there is no way of giving to it a set of homogeneous generators, as we shall
now show through the following:
5.2. Example (The supercotangent bundle of R1|1). Let {q;ϕ} be some choice of global
coordinates on the base R1|1. The coordinates on ST ∗R1|1 are given by {x, y, ζ¯ ; ξ, ζ, y¯}, where
the first three are even, the last three are odd, and x = pi∗q, ξ = pi∗ϕ, with pi : ST ∗R1|1 → R1|1
the bundle projection. The canonical 1-form 2 in this set of coordinates is: 2 = dx (y + y¯)+
dξ (ζ + ζ¯ ). It is easy to see (or can be concluded directly from Proposition 5.1) that the most
general X ∈ Rad d2 can be expressed in the form
X = (X y)
(
∂
∂y
− ∂
∂ y¯
)
+ (Xζ )
(
∂
∂ζ
+ ∂
∂ζ¯
)
,
where the values of f = X y and g = Xζ are nonhomogeneous, arbitrary, and independent of
each other. Thus, we have a rank 2 module with two nonhomogeneous free generators. If Y0, and
Y1 were homogeneous generators for the same module, sections f , g, h, and k of the structure
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sheaf should exists, such that
Y0 = f
(
∂
∂y
− ∂
∂ y¯
)
+ g
(
∂
∂ζ
+ ∂
∂ζ¯
)
,
Y1 = h
(
∂
∂y
− ∂
∂ y¯
)
+ k
(
∂
∂ζ
+ ∂
∂ζ¯
)
.
Using the fact that |Y0| = 0 and |Y1| = 1 one easily reaches the following conclusion: There is
no way to pass to a set of homogeneous generators, unless f = g = h = k = 0. Evidently, the
same is true for the general case, as one only has to reproduce this argument separately on each
of the generators ∂j and ∂ν of Proposition 5.1 above. Thus, the involutive subsheaf Rad d2 is
not a direct subsheaf of Der p∗3(E⊕XM ⊕ E∗) in the sense of [26].
Remark. Despite of the fact that there is no way to obtain homogeneous free generators for
Rad d2, one might try to take advantage of the fact that the generators are free. In this setting,
there is another thing to do: Try to find the R1|1-integral flows of the nonhomogeneous gen-
erators as in [23]. Since the homogeneous components of the two inhomogeneous generators
commute among themselves, their corresponding integral flows will also commute in the sense
of [23]. Hence, one may compose these integral flows, keeping their integration parameters
(t1, τ1) and (t2, τ2) fixed. Then, proceed as in the proof of Frobenius Theorem in [26], and use
these parameters to change the coordinates. In this way one obtains the smallest direct (i.e.,
homogeneous) distribution that contains the two inhomogeneous generators above; this turns
out to be of rank (2, 2). The problem one faces then is that with this homogeneous distribution,
there is no way to define a reasonableR1|1 ↪→ R1|1 action (in the sense of [6]) in order to obtain
a (2, 2)-dimensional quotient.
One way out of these difficulties is obtained by considering separately the radicals defined
by the homogeneous components ω0 = − d20 and ω1 = − d21, respectively:
5.3. Proposition. Let Dµ = {D ∈ Der3(E ⊕XM ⊕ E∗) | iDωµ = 0}. Then, Dµ is a direct
subsheaf of Der3(E⊕XM ⊕ E∗) of rank (n,m) when µ = 0 and of rank (m, n) when µ = 1.
In fact
D0 ' 3(E⊕XM ⊕ E∗)⊗ (E⊕X∗M),
where the sections from the E-summand at the right of the⊗-sign enter as even generators, and
those from X∗M as odd generators. Similarly
D1 ' 3(E⊕XM ⊕ E∗)⊗ (X∗M ⊕ E),
where the sections from the X∗M -summand at the right of the ⊗-sign enter as even generators,
and those from E as odd generators.
Proof. This follows in a straightforward manner from the local generators of Der3(E⊕XM ⊕
E∗) given in Lemma 4.3 above. ¤
Natural quotients on split supercotangent bundles 99
5.4. Theorem. The distributions Dµ (µ = 0, 1) produce regular foliations F(Dµ), and the
corresponding quotients have the following supermanifold structure:
ST ∗(M, 0(3E))/F(Dµ) =
{
(T ∗M,3(E⊕ E∗)) µ = 0,
(E,3(E⊕X)) µ = 1.
Proof. Note, first of all, that the dimensions match, according to the general theorem in [26],
and the corresponding ranks of D0 and D1 found in Proposition 5.3 above:
dim ST ∗(M, 0(3E))/F(Dµ)
=
{ dim ST ∗(M, 0(3E))− (n,m) = (2m, 2n) µ = 0,
dim ST ∗(M, 0(3E))− (m, n) = (m + n,m + n) µ = 1.
We have to show that the supermanifold structures over T ∗M and E given in the statement are
precisely those obtained by looking at the Z2-graded algebra sheaves of first integrals of the
distributions D0 and D1. We shall do it for D0 only, as the verification for D1 is completely
analogous. Consider
B0 = { f ∈ C∞(T ∗M ⊕ E)⊗ p∗3(E⊕XM ⊕ E∗) | for all Z ∈ D0 Z f = 0}.
Now, D0 is generated by E in the even submodule, and by X∗M in the odd submodule. Note that
(E) f = 0 means that f does not depend on the coordinates of the fibers of E in T ∗M⊕E , and that
(X∗M) f = 0 means that f does not depend on the coordinates coming from the X∗M -summand
of the Batchelor bundle of ST ∗(M, 0(3E)). Therefore, B0 ' C∞(T ∗M) ⊗ p∗03(E ⊕ E∗),
where p0: T ∗M → M is the cotangent bundle projection. ¤
6. Homogeneous symplectic structures on the quotients
It will now be shown in a coordinate-free manner that the quotients (T ∗M,3 p˜∗0(E ⊕E∗))
and (E,3 p˜∗1(E ⊕XM)) carry canonical nondegenerate closed graded 2-forms (see [21, 30]).
These are, respectively, the graded exterior derivatives of the Z2-homogeneous componentes of
the canonical 1-form 2.
Consider first the case of F = p˜∗0(E⊕ E∗). Then
Der3F = 3F ⊗ (XT ∗M ⊕ F∗) ' p˜∗03(E⊕ E∗)⊗ (XT ∗M ⊕ p˜∗0(E⊕ E∗)∗),
whereas
Hom(Der3F,3F) ' 3F ⊗ ({XT ∗M}∗ ⊕ F)
' p˜∗03(E⊕ E∗)⊗ ({XT ∗M}∗ ⊕ p˜∗0(E⊕ E∗)).
Now, at the light of the natural pairing XT ∗M × {XT ∗M}∗ → C∞T ∗M , the canonical 1-form θ0 in
the cotangent bundle defines a C∞T ∗M -linear map
XT ∗M → C∞T ∗M X 7→ 〈X | θ0〉.
Set, on the even generators ∇X of the derivation sheaf,
〈∇X | 20〉 = 〈X | θ0〉
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and extend it in a 3 p˜∗0(E⊕ E∗)-linear fashion to the whole submodule generated by the ∇X ’s.
Similarly, at the light of the induced C∞T ∗M -linear pairing (· , ·): p˜∗0E× p˜∗0E∗ → C∞T ∗M , set
〈iϕ + iξ | 20〉 = (ϕ | ξ)
and extend it 3 p˜∗0(E⊕ E∗)-linearly.
6.1. Definition. The canonical 1-form 20 in the graded manifold (T ∗M, p˜∗03(E ⊕ E∗)) is
defined as the p˜∗03(E⊕ E∗)-linear extension of the mapping given on generators by
〈∇X + iϕ + iξ | 20〉 = 〈X | θ0〉 + (ϕ | ξ),
where θ0 is the canonical 1-form on the cotangent bundle.
Local coordinate expression. Note that with respect to the local coordinates introduced in
Lemma 4.3 above
20 =
∑
i
dxi · yi +
∑
µ
dξµ · ζµ
as expected.
We now need to compute the graded exterior derivative of 20. This can be conveniently
expressed in terms of the natural fibered metric g defined on p˜∗0(E⊕ E∗) as follows:
g: p˜∗0(E⊕ E∗)× p˜∗0(E⊕ E∗)→ C∞T ∗M ,(
(ϕ, ξ), (ψ, ζ )
) 7→ (ϕ | ζ )+ (ψ | ξ).
Note that this is a fortiori compatible with any given connection ∇.
6.2. Proposition. ([30]) The graded 2-form ω0 = − d20 is a graded symplectic 2-form on the
graded manifold (T ∗M, p˜∗03(E⊕ E∗)). In fact,
〈∇X ,∇Y | d20〉 = 〈X, Y | d θ0〉 − g(R(X, Y ) , · ),
〈∇X , iϕ + iξ | d20〉 = 0,
〈iψ + iζ , iϕ + iξ | d20〉 = 2(ψ | ξ)+ 2(ϕ | ζ )
for any X, Y ∈ XT ∗M and any (ψ, ζ ), (ϕ, ξ) ∈ p˜∗0(E⊕ E∗)∗.
Proof. The form d20 is obviously closed. Its nondegeneracy is clear from the formulae above
on generators. To obtain the formulae, let F = p˜∗0(E⊕E∗), so that Der3F ' 3F⊗(XT ∗M⊕F∗).
We recall that the generators are given by∇X (for each X ∈ X(T ∗M)) and iχ (for each χ ∈ F∗),
so that iχη = (χ | η) ∈ C∞(T ∗M) for any η ∈ F, and then iχ is extended to 3F → 3F, as
a degree −1 derivation. The fibered metric g on F allows an identification of F∗ and F; say,
for each η ∈ F we write iη:3F → 3F for the degree −1 derivation which on F is given by
iη2η1 = g(η2, η1). This is the form in which we will use it, and together with the identifications
η↔ (ϕ, ξ), and iη ↔ iϕ + iξ .
Now, since Xg(η1, η2) = g(∇Xη1, η2)+ g(η1,∇Xη2), it follows that, for any pair of vector
fields X, Y ∈ X(T ∗M), and any pair of sections η1, η2 ∈ F,
g([∇X ,∇Y ]η1, η2) = g(∇[X,Y ]η1, η2)− g(R(X, Y )η2, η1).
Natural quotients on split supercotangent bundles 101
That is,
[∇X ,∇Y ] = ∇[X,Y ] − iR(X,Y ) ,
where, by definition, (iR(X,Y ) η1)(η2) = g(R(X, Y ) η2, η1). Thus iR(X,Y ) = g(R(X, Y ) , ·).
Also note that g(R(X, Y )η2, η1)+ g(R(X, Y )η1, η2) = 0. Therefore
〈∇X ,∇Y | d20〉 = ∇X 〈∇Y | 20〉 − ∇Y 〈∇X | 20〉 − 〈[∇X ,∇Y ] | 20〉
= X〈Y | θ0〉 − Y 〈X | θ0〉 − 〈∇[X,Y ] | 20〉 + 〈iR(X,Y ) | 20〉
= 〈X, Y | d θ0〉 + g(R(X, Y ) , · ).
Let us now consider the bracket [∇X , iη]. It is easily verified that [∇X , iη] = i∇Xη. Therefore
〈∇X , iη | d20〉 = ∇X 〈iη | 20〉 − iη〈∇X | 20〉 − 〈i∇Xη | 20〉,
but the second term is zero, since 〈∇X | 20〉 = 〈X | θ0〉 ∈ C∞(T ∗M). Hence,
〈∇X , iη | d20〉 = ∇X 〈iη | 20〉 − 〈i∇Xη | 20〉.
The definition of 20 together with the compatibility of ∇ with g immediately implies that the
right hand side is zero.
Finally, the fact that [iη1, iη2 ] = 0 yields
〈iη1, iη2 | d20〉 = iη1〈iη2 | 20〉 + iη2〈iη1 | 20〉
from which the last formula in the statement follows after making the identifications η1 ↔
(ψ, ζ )↔ iψ + iζ , and η2 ↔ (ϕ, ξ)↔ iϕ + iξ , and applying the definition of 20. ¤
We shall now turn our attention to the canonical odd 1-form on the “odd quotient”
(E,3 p˜∗1(E⊕XM)) of ST ∗(M, 0(3E)). As before, we assume that a connection ∇ exists on
E ⊕ T M in terms of which we may write the most general derivation D ∈ Der3 p˜∗1(E⊕XM)
as a linear combination of the generators (see 3.3 and 3.4 above)
∇X , ∇ξ¯ , iη¯, iϕ,
where X ∈ XM , ξ ∈ E, η ∈ X∗M , and ϕ ∈ E∗.
6.3. Definition. The canonical 1-form21 in the graded manifold (E, p∗13(E⊕XM)) is defined
as the p∗13(E⊕XM)-linear extension of the mapping given on generators by
〈∇X + ∇ξ¯ + iη¯ + iϕ | 21〉 = 〈X | η¯〉 + (ϕ | ξ¯ ).
Local coordinate expression. Note that with respect to the local coordinates introduced in
Lemma 4.3 above,
21 =
∑
i
dxi · y¯i +
∑
µ
dξµ · ζ¯ µ.
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6.4. Proposition. The graded 2-formω1 = − d21 is a graded symplectic 2-form on the graded
manifold (E, p∗13(E⊕XM)). In fact,
〈∇X , iη¯ | d21〉 = 〈X | η〉,
〈∇ξ¯ , iϕ | d21〉 = −(ϕ | ξ)
and all others are equal to zero.
Proof. The proof is straightforward and considerably easier than that of Proposition 6.2 above,
since the Lie brackets have already been computed there. ¤
6.5. A few words about naturality. It is a consequence of the results in [30] that any even
supersymplectic structure on the split supermanifold (T ∗M, 0(3(E⊕ E∗))), where the fibered
metric on the bundle E⊕E∗ → M is given by g above, is (super) diffeomorphic to the canonical
one. In other words, that there is always a (super) symplectic Batchelor trivialization map onto
the canonical even quotient. For the odd quotient (E, 0(3(E ⊕ T M))), the argument given
in [30] to prove the statement we have just refered to, gets simplified because of the fact that
the de Rham cohomology of the supermanifold defined by d is isomorphic to the de Rham
cohomology on the base defined by d. In particular, any closed odd 2-form is exact. As a matter
of fact, this type of argument has been given in [4] in order to produce a (super) symplectic
Batchelor trivialization for the split supermanifold (M, 0(3(T ∗M))) so as to map any odd
(super) symplectic structure, onto a given one defined a priori. But after looking at the analysis
given in [4], the reader will be easily convinced that the same argument carried on for the split
supermanifold (E, 0(3(E ⊕ T M))) shows that there is always a (super) symplectic Batchelor
trivialization under which a given odd (super) symplectic structure is mapped onto the canonical
form d21.
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